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Abstract. Every ring extension of A by R induces a pair of group ho-
momorphisms L∗ : R → EndZ(A)/L(A);R∗ : R → EndZ(A)/R(A), preserving
multiplication, satisfying some certain conditions. A such 4-tuple (R,A,L∗,R∗)
is called a ring pre-extension. Each ring pre-extension induces a R-bimodule
structure on bicenter KA of ring A, and induces an obstruction k, which is
a 3-cocycle of Z-algebra R, with coefficients in R-bimodule KA in the sense
of Shukla. Each obstruction k in this sense induces a structure of a regular
Ann-category of type (R,KA). This result gives us the first application of Ann-
category in extension problems of algebraic structures, as well as in cohomology
theories.
1 Introduction
Group extension problem has been presented with group of automorphisms
Aut(G) and quotient group Aut(G)/In(G) by group of inner automorphisms.
For ring extension problem, Mac Lane [1] has replaced the above groups by the
ring of bimultiplications MA and the quotient ring PA of MA upon ring of in-
ner bimultiplications. Besides, Maclane has replaced commutative, associative
laws for addition in ring R by commutative-associative law (u + v) + (r + s) =
(u+r)+(v+s) and therefore proved that each obstruction of ring extension prob-
lem is an element of 3-dimensional cohomology group in the sense of Maclane,
and the number of solutions corresponds to 2-dimensional cohomology group of
ring under a bijection.
The idea of solving group extension problem by groupsAut(G) andAut(G)/In(G)
can be applied to ring extension theory in a different way. In this way, we use
separately associative, commutative laws to construct obstruction of ring exten-
sion problem and therefore give the solution to ring extension problem in the
terms of Shukla cohomology [5] of Z-algebras. This cohomology, in our opinion,
is more convenient than cubical resolution in Maclane[1].
Z-split ring extension problem relates close to Hochschild cohomology and is
regarded as an application of Ann-category theory. In this paper, we establish
1
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the relationship between ring extension problem in the general case and Ann-
category theory. In this way, we may use Ann-category as a united terms to
interpret cohomology of different algebraic systems.
2 Cohomology of an associative algebra
Shukla cohomology (see [5]) of ring R (regarded as a Z-algebra) with coefficients
in R-bimodule M is the group
H∗S(R,M) = H
∗(
∑
n≥0
HomZ(U
n,M)),
where U is a graded differential Z-algebra as well as a free resolusion of R on Z.
To facilitate the calculation, in [2], N.T.Quang has built nomalized complex
B(U) =
∑
U⊗(U/Z)n⊗U, in which (U/Z)0 = Z, U/Z = U/IZ, where I : Z −→
U is a canonical homomorphism. Each generator of B(U) has the form
x = u0[u1|...un]un+1, n ≥ 0
This element is equal to 0 if there exists one in ui(i = 1, ..., n) belonging to
IZ. Then, the normalized complex B(U) is a graded differential bimodule on
DG-algebra U with grading is defined by
deg(u0[u1|...|un]un+1) = n+ degu0 + ...+ degun+1
and with differential ∂ = ∂r + ∂s is defined by
∂r(u0[u1|...|un]un+1) = du0[u1|...|un]un+1
−
n∑
i=1
(−1)ei−1u0[u1|...|dui|...|un]un+1 + (−1)
enu0[u1|...|un](dun+1)
∂s(u0[u1|...|un]un+1) = (−1)
e0u0u1[u2|...|un]un+1
+
n−1∑
i=1
(−1)eiu0[u1|...|uiui+1|...|un]un+1 + (−1)
enu0[u1|...|un−1]unun+1
where e0 = 0, ei = i+ degu0 + · · ·+ degui.
3 Classical problem: Singular ring extension
A ring extension is a ring epimorphism σ : S −→ R which carries the identity of
S to the identity of R. Then, A = Kerσ is a two-sided ideal in S and therefore,
we have the short exact sequence of rings and ring homomorphisms
E : 0 A S R 0 , σ(1S) = 1R.✲ ✲
χ
✲
σ
✲
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Extension E is called singular if A is a ring with null multiplication, i.e., A2 = 0.
Then, A becomes a R-bimodule with operators
xa = u(x)a; ax = au(x), a ∈ A, x ∈ R.
where u(x) is a representative of R in S in the sense σu(x) = x (note that we
always choose u(0) = 0, u(1R) = 1S).
Let E be a given singular extension of A by R and u(x) be one of its rep-
resentatives. Then, addition and multiplication in S induce two factor sets f, g
determined by
u(x) + u(y) = f(x, y) + u(x+ y)
u(x).u(y) = g(x, y) + u(xy)
(1)
where f, g : R2 −→ A
Since u(0) = 0, u(1R) = 1S , f and g satisfy normalization condition in the sense
f(x, 0) = f(0, y) = 0
g(x, 0) = g(0, y) = g(1, y) = g(y, 1) = 0
(2)
From commutative, associative laws for addition in S, respectively, we have
f(x, y) = f(y, x) (3)
f(y, z)− f(x+ y, z) + f(x, y + z)− f(x, y) = 0 (4)
From associative law for multiplication in S, we have
xg(y, z)− g(xy, z) + g(x, yz)− g(x, y)z = 0 (5)
From left and right distributive laws for addition and multiplication, respec-
tively, we have
xf(y, z)− f(xy, xz) = g(x, y) + g(x, z)− g(x, y + z)
(f(x, y))z − f(xz, yz) = g(x, z) + g(y, z)− g(x+ y, z)
(6)
The pair (f, g) satisfies relations (2)-(6) is called a factor set of extension E.
Proposition 1. A factor set of a singular extension of A by R is a 2-cocycle
of ring R with coefficients in R-module A in the sense of Mac Lane-Shukla.
Proof. This result is obtained from calculation of group of 2-cocycles of ring R
with coefficients in R-bimodule A.
Calculation of group H2(R,A) based on definitions of Maclane as well as
of Shukla coincide with each other. Differences in representation as well as
complexity in calculation of these two cohomologies occur when the dimension
is down to 3.
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If we choose factor set u′(x) instead of u(x) such that u′(0) = 0, u′(1) = 1,
we will have σ(u′(x)− u(x)) = 0, so u′(x) = u(x) + t(x), where t(x) ∈ A. Then
we have
f ′(x, y) = f(x, y)− t(x+ y) + t(x) + t(y) = f(x, y) + (δ1t)(x, y)
g′(x, y) = g(x, y) + xt(y)− t(xy) + t(x)y = g(x, y) + (δ2t)(x, y)
(7)
This shows that each singular ring extension E responds to a factor set (f ′, g′)
which is equal to (f, g) up to a 2-coboundary and therefore each singular exten-
sion E of A by R responds to an element of cohomology group H2(R,A) in the
sense of Mac Lane - Shukla.
Conversely, if we have R-bimodule A together with functions f, g satisfying
relations (2)-(6), we can construct extension E of A by R, where ring S is
determined by
S = {(a, x) | a ∈ A, x ∈ R}
together with two operations
(a, x) + (b, y) = (a+ b+ f(x, y), x+ y)
(a, x)(b, y) = (ay + xb + g(x, y), xy)
(8)
4 Pre-extensions of rings
We now consider the general case, i.e., ring extension
E : 0 A S R 0 , σ(1S) = 1R.✲ ✲
χ
✲
σ
✲
which is unnecessarily singular. Then A is a two-sided ideal of ring S and
therefore A is regarded as a S-bimodule and χ is a S-bimodule homomorphism.
To determine necessary conditions for ring estension problem, we will expand
the technology which is used for group extension problem. This way is a bit
different from the one of Maclane in [1]. In this way, we establish directly
the relationship between ring extension problem, Shukla cohomology and Ann-
category theory.
We consider the following two sets of mappings instead of the set of bimul-
tiplications of ring A which Maclane as well as Shukla have done
L(A) = {la : A −→ A, a ∈ A | la(b) = ab, ∀b ∈ A}
R(A) = {ra : A −→ A, a ∈ A | ra(b) = ba, ∀b ∈ A}
Clearly, each la (resp. ra) is a right (resp. left) A-module endomorphism of A
and L(A), R(A) are two subrings of ring EndZ(A) of endomorphisms of group
A.
Consider ring homomorphism
L : S → EndZ(A)
s 7→ Ls,Ls(a) = sa, ∀a ∈ A.
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Clearly, Ls is a right A-module endomorphism of A, and L induces group ho-
momorphism L∗ : R→ EndZ(A)/L(A) such that following diagram
0 A S R 0
0 L(A) EndZ(A) EndZ(A)/L(A) 0
✲ ✲
χ
❄
l
✲
σ
❄
L
✲
❄
L∗
✲ ✲
i
✲
p
✲
commute.
Similarly, we have ring homomorphism
R : S → EndZ(A)
s 7→ Rs,Rs(a) = as, ∀a ∈ A.
Rs is a left A-module endomorphism of A, and R induces group homomorphism
R∗ : R→ EndZ(A)/R(A) such that following diagram
0 A S R 0
0 R(A) EndZ(A) EndZ(A)/R(A) 0
✲ ✲
χ
❄
r
✲
σ
❄
R
✲
❄
R∗
✲ ✲
i
✲
p
✲
commute.
Moreover, Ls and Rs satisfy relations
la ◦ Ls = lRs(a) ,Ls ◦ la = lLs(a)
Rs ◦ ra = rRs(a) , ra ◦ Rs = rLs(a)
(9)
Ls ◦ Rs′ = Rs′ ◦ Ls
forall a ∈ A and s, s′ ∈ S.
From relations (9), we can see that L(A) and R(A) are, respectively, two-sided
ideals in L(S) and R(S). Therefore, L∗(R) and R∗(R) are rings, L∗ and R∗
are ring homomorphisms from R to its images.
Let A be a ring (without identity) and R be a ring with identity 1 6= 0.
Assume that we have group homomorphisms
L∗ : R→ EndZ(A)/L(A);R
∗ : R→ EndZ(A)/R(A)
such that for each x ∈ R, there exists a pair ϕx ∈ L∗(x), ψx ∈ R∗(x) satisfying
relations
φ1 = ψ1 = id
la ◦ ϕx = lψx(a) , ϕx ◦ la = lϕx(a)
ψx ◦ ra = rψx(a) , ra ◦ ψx = rϕx(a)
ϕx ◦ ψy = ψy ◦ ϕx
(10)
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Moreover,L∗ andR∗ preserve multiplication. Then, we call 4-tuple (R,A,L∗,R∗)
a pre-extension of A by R inducing L∗,R∗.
Ring extension problem is to find whether pre-extension (R,A,L∗,R∗) has ex-
tension and, if so, how many extensions of A by R are.
5 The obstruction of a ring pre-extension
We now present the concept of obstruction of pre-extension (R,A,L∗,R∗).
Since L∗(x).L∗(y) = L∗(xy), we have
ϕx.ϕy = ϕxy + lg(x,y) , g(x, y) ∈ A
Then, from associative law for multiplication in EndZ(A), we have
lϕx[g(y,z)] + lg(xy,z) = lg(xy,z) + lψz[g(x,y)]
which yeilds
ϕx[g(y, z)]− g(xy, z) + g(x, yz)− ψz [g(x, y)] = α(x, y, z), (11)
in which α(x, y, z) ∈ KA, where KA is a two-sided ideal of A.
KA = {c ∈ A | ca = 0 = ac ∀a ∈ A}.
We callKA bicenter ofA.Associative, commutative laws for addition inEndZ(A),
respectively, give us
f(y, z)− f(x+ y, z) + f(x, y + z)− f(x, y) = ξ(x, y, z)
f(x, y)− f(y, x) = η(x, y)
(12)
where ξ : R3 → KA, η : R2 → KA.
Finally, from distributive law in EndZ(A), we have
ϕx[f(y, z)]− f(xy, xz) + g(x, y + z)− g(x, y)− g(x, z) = λ(x, y, z)
ψz[f(x, y)]− f(xz, yz) + g(x+ y, z)− g(x, z)− g(y, z) = ρ(x, y, z)
(13)
where λ, ρ : R3 → KA.
We call the family (ξ, η, α, λ, ρ) which is so determined an obstruction of pre-
extension (R,A,L∗,R∗).
Clearly, KA is a R-bimodule with operations xa = ϕx(a), ax = ψx(a), which
are independent of the choice of ϕx, ψx.
Remark 2. We may note that if commutative-associative law
(u+ v) + (r + s) = (u + r) + (v + s)
for addition in EndZ(A) is used, we will have a function γ : R
4 → KA, given
by
γ(x, y, z, t) = f(x+y, z+t)−f(x, z)−f(y, t)−f(x+z, y+t)+f(x, y)+f(z, t) (12′)
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Then, an obstruction of pre-extension (R,A,L∗,R∗) is a family of 4 functions
(α, γ, λ, ρ) satisfying relations (11), (12’) and (13). We can see that two con-
cepts of above-mentioned obstruction are equivalent. Due to the theory of coho-
mology of Maclane, each obstruction (α, γ, λ, ρ) is a 3-cocycle in Z3M (R,KA).
One of the main results in this paper is showing that each obstruction re-
garded as a family of 5 functions (ξ, η, α, λ, ρ) is a 3-cocycle in the sense of
Shukla.
First, we may prove two following lemmas for obstructions.
Lemma 3. If we fix ϕx ∈ L
∗(x), ψx ∈ R
∗(x), and replace functions g, f by
functions g′, f ′ such that
lg(x,y) = lg′(x,y) and lf(x,y) = lf ′(x,y)
then g′ = g + ν and f ′ = f + µ, where ν, µ : R2 → KA. Then,
ξ′ = ξ + ∂1µ, η
′ = η + antµ, α′ = α+ ∂2ν
(∂1µ)(x, y, z) = µ(y, z)− µ(x+ y, z) + µ(x, y + z)− µ(x, y)
(∂2ν)(x, y, z) = xν(y, z)− ν(xy, z) + ν(x, yz)− ν(x, y)z (14)
λ′(x, y, z) = λ(x, y, z) + ν(x, y + z)− ν(x, y)− ν(x, z) + xµ(y, z)− µ(xy, xz)
ρ′(x, y, z) = ρ(x, y, z) + ν(x + y, z)− ν(x, z)− ν(y, z) + µ(x, y)z − µ(xz, yz)
Moreover, two functions ν, µ can be chosen arbitrarily.
Lemma 4. If we replace functions ϕx, ψx by functions ϕ
′
x, ψ
′
x, we will be able
to choose functions g′, f ′ such that family (ξ, η, α, λ, ρ) is unchanged.
Two obstructions (ξ, η, α, λ, ρ) and (ξ′, η′, α′, λ′, ρ′) of the same pre-extension
(R,A,L∗,R∗) are cohomologous if they satisfy relations (14) where ν, µ are
certain functions.
Two above lemmas show that each pre-extension (R,A,L∗,R∗) determines
uniquely the cohomology class of any one of its obstructions. We now show the
solution of ring extension problem by Shukla cohomology of ring (regarded as
Z-algebra)
Theorem 5. The cohomology class of obstruction (ξ, η, α, λ, ρ) of pre-extension
(R,A,L∗,R∗) is an element k ∈ H3Sh(R,KA). Pre-extension (R,A,L
∗,R∗) has
extension iff k = 0. Then, there exists a bijection between the set Ext(R,A) of
equivalence classes of extension and the set H3Sh(R,KA).
Proof. In [2], N.T.Quang has built acyclic and Z-free complex as follows
U =
4∑
i=0
Ui,
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where Ui are elements of the exact sequence
0→ U4
d4→ U3
d3→ U2
d2→ U1
d1→ U0
ǫ
→ R→ 0
of free abelian groups
U0 = Z(R
0), R0 = R \ {0}
U1 = Z(R
0 ×R0)
U2 = Z(R
0 ×R0 ×R0)⊕ U1
U3 = Z(R
0 ×R0 ×R0 ×R0)⊕ U2 ⊕ U0
U4 = Kerd3
Homomorphisms di and ǫ are given by
ǫ[x] = x
d1[x, y] = [y]− [x+ y] + [x]
d2[x, y, z] = [y, z]− [x+ y, z] + [x, y + z]− [x, y]
d2[x, y] = [x, y]− [y, x]
d3[x, y, z, t] = [y, z, t]− [x+ y, z, t] + [x, y + z, t]− [x, y, z + t] + [x, y, z]
d3[x, y, z] = [x, y, z]− [x, z, y] + [z, x, y]− [y, z] + [x+ y, z]− [x, z]
d3[x, y] = [x, y] + [y, x]
d3[x] = [x, x]
d4 is a canonical embedding.
After that, we determine an associative multiplication (which satisfies Leibniz
formula for differential d) to make U become a DG-algebra on Z.
1) First, for [x] ∈ U0 we set
[x][x1, . . . , xn] = [xx1, . . . , xxn]
[x1, . . . , xn][x] = [x1x, . . . , xnx]
[x, y][z, t] = −[xz + yz] + [xz, yz, xt] + [xz + xt, yz, yt]− [xz, xt, yz] + [xt, yz]
2) In other cases, for ai, aj which are, respectively, generators of Ui, Uj we
have
(dai)aj + (−1)
iai(daj) ∈ Ker(di+j−1)
so they vanish under operation of differentials d. Besides, the short exact se-
quence of abelian groups
0 Ker(di+j) Ui+j Ker(di+j−1) 0✲ ✲ ✲
di+j
✲
splits sinceKer(di+j−1) is Z-free. So there exists a group injection s : Ker(di+j−1)→
Ui+j such that di+j ◦ s = id. Then, we set
aiaj = s[(dai)aj + (−1)
iai(daj)].
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With the above-constructed DG-algebra U, a 3-cocycle in Z3Sh(R,KA) is an
obstruction (ξ, η, α, λ, ρ) of pre-extension (R,A,L∗,R∗).
Moreover, two 3-cocycles (ξ, η, α, λ, ρ) and (ξ, η, α,−λ, ρ) belong to the same
cohomology class of H3Sh(R,KA) iff they are cohomologous obstructions. So
we deduce that pre-extension (R,A,L∗,R∗) determine uniquely element k ∈
H3Sh(R,KA).
If (R,A,L∗,R∗) has extension, obviously, k = 0. Conversely, if k = 0, k =
(ξ, η, α, λ, ρ) where
ξ = ∂1µ, η = antµ, α = ∂2ν
λ(x, y, z) = ν(x, y + z)− ν(x, y) − ν(x, z) + xµ(y, z)− µ(xy, xz)
ρ(x, y, z) = ν(x+ y, z)− ν(x, z)− ν(y, z) + µ(x, y)z − µ(xz, yz).
Applying Lemma 4 by replacing g, f by g′ = g − ν, f ′ = f − µ, we will have
k′ = (ξ′, η′, α′, λ′, ρ′) = 0
Then, we may construct extension S of A by R as in relations (8), in which f, g
are replaced by f ′, g′. The rest of the theorem is proved by the above-mentioned
events, without new technology.
6 Ann-category and solution of ring extension
problem
In this section, we show the relationship between Ann-category theory and ring
extension problem. See [2], [3] for definitions and fundamental results of Ann-
categories.
Definition. Let R be a ring with identity 1 6= 0 and A be a R-bimodule. An
Ann-category I of type (R,A) is a category whose objects are elements of R and
whose morphisms are endomorphisms. In the concrete, for r, s ∈ R, we define
Hom(r, s) = ∅ where r 6= s
Hom(s, s) = Aut(s) = {s} ×A.
The composite of two morphisms is induced by addition in A.
Two tensor products ⊗,⊕ on I are defined by
r ⊕ s = r + s (addition in ring R)
(r, u)⊕ (s, v) = (r + s, u+ v)
r ⊗ s = rs (product in ring R)
(r, u)⊗ (s, v) = (rs, rv + us).
Constraints on I are defined to be a family
(ξ, η, (0, id, id), α, (1, id, id), λ, ρ)
where η : R2 → A, α, λ, ρ : R3 → A are functions so that the set of axioms of
an Ann-category is satisfied.
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Ann-category of type (R,A) is regular if its commutivity constraint satisfies
η(x, x) = 0 for all x ∈ R.
The following propositions give us the first relationship between ring exten-
sion problem and Ann-category theory.
Proposition 6. Each obstruction (ξ, η, α, λ, ρ) of pre-extension (R,A,L∗,R∗)
is a structure of regular Ann-category I of type (R,KA).
Proof. From relations (10)-(13), we may verify directly that family (ξ, η, α, λ, ρ)
satisfies following relations
1. ξ(y, z, t)− ξ(x + y, z, t) + ξ(x, y + z, t)− ξ(x, y, z + t) + ξ(x, y, z) = 0
2. ξ(0, y, z) = ξ(x, 0, z) = ξ(x, y, 0) = 0
3. ξ(x, y, z)− ξ(x, z, y) + ξ(z, x, y)− η(x, z) + η(x + y, z)− η(y, z) = 0
4. η(x, y) + η(y, x) = 0
5. η(x, x) = 0
6. xη(y, z)− η(xy, xz) = λ(x, y, z)− λ(x, z, y)
7. η(x, y)z − η(xz, yz) = ρ(x, y, z)− ρ(y, x, z)
8. xξ(y, z, t)−ξ(xy, xz, xt) = λ(x, z, t)−λ(x, y+z, t)+λ(x, y, z+t)−λ(x, y, z)
9. ξ(x, y, z)t−ξ(xt, yt, zt) = ρ(y, z, t)−ρ(x+y, z, t)+ρ(x, y+z, t)−ρ(x, y, t)
10. ρ(x, y, z + t)− ρ(x, y, z)− ρ(x, y, t) + λ(x, z, t) + λ(y, z, t)− λ(x + y, z, t)
= −ξ(xz+xt, yz, yt)+ξ(xz, xt, yz)−η(xt, yz)+ξ(xz+yz, xt, yt)−ξ(xz, yz, xt)
11. α(x, y, z+ t)−α(x, y, z)−α(x, y, t) = xλ(y, z, t)+λ(x, yz, yt)−λ(xy, z, t)
12. α(x, y + z, t)− α(x, y, t)− α(x, z, t)
= xρ(y, z, t)− ρ(xy, xz, t) + λ(x, yt, zt)− λ(x, y, z)t
13. α(x+y, z, t)−α(x, z, t)−α(y, z, t) = −ρ(x, y, z)t−ρ(xz, yz, t)+ρ(x, y, zt)
14. xα(y, z, t)− α(xy, z, t) + α(x, yz, t)− α(x, y, zt) + α(x, y, z)t = 0
15. α(1, y, z) = α(x, 1, z) = α(x, y, 1) = 0
16. α(0, y, z) = α(x, 0, t) = α(x, y, 0) = 0
17. λ(1, y, z) = λ(0, y, , z) = λ(x, 0, z) = λ(x, y, 0) = 0
18. ρ(x, y, 1) = ρ(0, y, z) = ρ(x, 0, z) = ρ(x, y, 0) = 0
where x, y, z, t ∈ R.
These relations (without the fifth relation) show that the family of con-
straints (ξ, η, (0, id, id), α, (1, id, id), λ, ρ) satisfies the set of axioms of an Ann-
category. Then, it is said that family (ξ, η, α, λ, ρ) is a structure of Ann-category
of type (R,A).
From the fifth relation, Ann-category (R,A) is regular.
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Proposition 7. [4] Family (ξ, η, α, λ, ρ) is a structure of regular Ann-category
of type (R,A) iff (ξ, η, α,−λ, ρ) is a 3-cocycle of ring R with coefficients in
R-bimodule A in the sense of Shukla cohomology.
Proof. The proof is deduced from the proof of Theorem 5 and Proposition 6
Definition. Let A,B be Ann-categories. An Ann-functor from A to B is a
triple (F, F˘ , F˜ ) where (F, F˘ ) is a symmetric monoidal ⊕-functor and (F, F˜ ) is
a monoidal ⊗-functor so that following diagrams
F (X(Y ⊕ Z)) FXF (Y ⊕ Z) FX(FY ⊕ FZ)
F ((XY )⊕ (XZ)) F (XY )⊕ F (XZ) (FXFY ) ⊕ (FXFZ)
✲
eF
❄
F (L)
✲
id⊗F˘
❄
L′
✲
F˘
✲
eF⊕ eF
F ((X ⊕ Y )⊗ Z) F (X ⊕ Y )FZ (FX ⊕ FY )FZ
F ((XZ)⊕ (Y Z)) F (XZ)⊕ F (Y Z) (FXFZ)⊕ (FY FZ)
✲
eF
❄
F (R)
✲
F˘⊗id
❄
R′
✲
F˘
✲
eF⊕ eF
commute
Definition. Two structures f = (ξ, η, α, λ, ρ) and f ′ = (ξ, η, α, λ, ρ) of Ann-
category of type (R,A) are cohomologous iff there is an Ann-functor (F, F˘ , F˜ ) :
(R,A, f) −→ (R,A, f ′) where F = id.
From the definition of Ann-functor, we have following proposition
Proposition 8. Two structures f and f ′ of Ann-category of type (R,A) are
cohomologous iff they satisfy relations mentioned in Lemma 3.
Proposition 7 and 8 give us the following corollary.
Corollary 9. Each cohomology class of structures of regular Ann-categories of
type (R,A) is an element in H3Sh(R,KA).
Proof. Indeed, if Ann-category of type (R,A) is regular, f and f ′ are 3-cocycles
of group H3Sh(R,KA). Since they satisfy Lemma 3, they are equal up to a 3-
coboundary, and therefore it completes the proof.
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